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Abstract—In this work, an empirical model based on a pure
relation between charge and flux (aka an ideal memristor) has
been proposed to fit the experimental data for ReRAM devices in
flux charge domain. The model is able to capture the behavior
with a very good accuracy, including also the behavior of the
memconductance.

Index Terms—ReRAM; memristor; modeling; flux; charge.

I. INTRODUCTION

Until Leon Chua proposed it during the early 70s [1],
nobody had noticed the possible symmetry between the current
i, the voltage v, the charge q and the flux φ in electric
theory. There were three elements relating charge and voltage
(the capacitor), flux and current (inductor), and current and
voltage (resistor).However, the relation between charge and
flux was missing, so Chua proposed the existence of a new
fourth electrical element. This new element would behave as
a resistor with a memory, and thus the name ’memristor’.

Actually, these elements had been already described long
time ago [2], though they had never been used in circuit theory.
In addition, Chua’s work paved the way to the generalization
of a class of devices and systems (memristive systems or
devices) which are intrinsically nonlinear and can be described
by a set of differential equations relating the electrical mag-
nitudes to an internal state variable [3].

Currently, these novel devices are considered as one of the
most promising elements for the next generation of integrated
circuit (IC), beyond and more than Moore [4]. As an example
of application, they may provide a way to escape the classical
bottleneck problem created by the need to move data between
memory and the processor. Some of the areas where this is
forecast to be beneficial are the Internet-of-Things (IoT) and
other edge computing applications. This way, many different
applications using memristor-based architectures are being
proposed: new memory devices (ReRAMs, MRAM, etc.)
[5]–[7], innovative devices for sensing applications [8], [9],
or building blocks for bio-inspired systems (artificial neural
networks (ANNs) and other) [10], among others.

II. FLUX-CHARGE SPACE DESCRIPTION OF MEMRISTIVE
DEVICES

The election of the electrical variables to describe a device
is not usually a problem. The common variables are current
and voltage. However, some advantages may be obtained by
using the flux and charge, as proposed in the literature [11]–
[17]). This description can provide a simpler set of differential
equations than using the V − I pair.

A memristive device is described as a two terminal element
[12], with a voltage difference between the terminals named
V (t), and a current I(t) passing through it. The alternate
description uses the flux ϕ(t) (also called voltage first mo-
mentum) instead of voltage, and the charge Q(t) (or current
first momentum) instead of the current. The relation between
these variables is defined by:

ϕ(t) =

∫ t

−∞
V (τ)dτ (1)

and

Q(t) =

∫ t

−∞
I(τ)dτ (2)

More details about the flux and charge in the previous
equations can be found in [12]. In the current context, these
terms are defined by the integrals defined above. The original
definition of an ideal memristor controlled by flux is provided
by a nonlinear relation:

Q = f(ϕ, V ) (3)

Later on, this description in (3) was improved by including
state variables, that included additional behaviors.

The new memristor device class was named extended
memristors. This extended memristor defines a new internal
state vector X, of dimension k, that includes all the internal
states of the device.

X = (x1, x2, .., xk) (4)

where the dynamics of these state variables can be defined
as follows



dX
dt

= g(ϕ, V,X) (5)

This set of equations can be regarded as the description of
a surface in an N-dimensional phase space. This description
has been shown to be useful for a semi-empirical description
of the behavior of memristive devices [18], [19].

Using the charge and flux description, an extended memris-
tor may be described as follows

Q = f(ϕ, V,X) (6)

As a case of interest, it was proposed that memristive RAMs
(ReRAMs) are actually a kind of memristors [13]. In this case,
one could use the variables describing the geometry of a CF
(conductive filament) or the size of the gap between the CF
and electrode, as well as the filament temperature [20]–[25].

III. EXPERIMENTAL SETUP AND MEASUREMENTS

The study was carried out using TiN/Ti/HfO2/W
metal–insulator–metal (MIM) capacitors as resistive switching
devices [26]. The first step of the fabrication process was the
deposition of a 20 nm-thick Ti adherence layer on a 100 mm-
diameter Si-n++ wafer, followed by the deposition of a 50
nm-thick W layer. Magnetron sputtering was used to grow
both of those layers. Next, a plasma-enhanced chemical vapor
deposition (PECVD) using silane (SiH4) as the precursor
process was used to create a 100 nm SiO2 isolation oxide,
which was patterned using photolithography and dry etching.

The apertures of the SiO2 layer define the active area
of the MIM devices. After that, the 10 nm HfO2 film was
deposited by atomic layer deposition (ALD) at 225 ºC us-
ing Tetrakis(dimethylamino)hafnium (TDMAH) and H2O as
precursors and N2 as the carrier and purge gas. Magnetron
sputtering was used to create the top electrode, obtaining a
metal layer of 10 nm-thick Ti and a 200 nm-thick TiN. The
electrode was patterned by a lift-off process.

As the last step, a 500 nm Al layer was deposited on the
back of the wafer by magnetron sputtering for electrically
contacting theWbotton electrode through the Si-n++ substrate
used to fabricate the devices. The final TiN/Ti/HfO2/W devices
present a square shape, and the fabricated areas range between
2×2 m2 and 120×120 m2

The signal used to drive the device is shown in Fig. 1. It is
a triangular current waveform, with a raising amplitude. The
resulting IV characteristics are depicted in Fig. 2

IV. MODEL DESCRIPTION

As has been said above, the main trend for memristor
modeling is using the V − I variable pair. In the presented
case, we have instead decided to check the possibility of using
ϕ−Q. This modeling approach has been proposed to simplify
the model description, being closer to the original conception
of the electrical element [1], [27], [28].

In this work we have considered an ideal memristor for
simplicity. This simplification of the model dose not affect the
fitting accuracy. A nonlinear relation of the ϕ−Q variable pair

Fig. 1. Current signal applied to the system under test.

Fig. 2. Measured IV characteristics of the ReRAM device.

[14], [21], [29] is proposed for describing ReRAM memristive
devices as:

Q = Q0 ·
(

ϕ

ϕ0

)1+n

(7)

From the definition of charge and flux, the current can be
found by taking the derivative of the charge as follows:

I =
dQ

dt
(8)

and the conductance is found to be

G =
dQ

dϕ
(9)

It is worth to point out that n is a parameter depending on all
the state variables X, in addition to the flux and input voltage
signal. In this work, we have further simplified the model by
considering the device to be an ideal memristor controlled by
flux (i.e. n ≈ constant and dn

dt ≈ 0) [30].
The variables of interest (ϕ and Q) are defined by the

relations in (1) and (2), respectively, as suggested in [12].



Fig. 3. Experimental (blue) and modelled (red) charge vs flux.

Numerical integration of the input voltage signal and the
measured current can be used to calculate the flux and charge,
where Q0 and ϕ0 are fitting parameters, which can be calcu-
lated as the maximum values of the experimental data, and
n is obtained by fitting the logarithmic slope of the charge
vs the flux. Under these assumptions, (7), and (9) determine
the dynamic behaviour of the measured ReRAM memristive
device.

V. RESULTS

We have fitted the parameters in equation 7 to the experi-
mental data using a two-step process: first, we have obtained
the experimental charge (Qe) and flux (ϕe) by performing a
numerical integration of the measured IV data. As a second
step, we have fitted Eq. 7 to these Qe and ϕe. The values
of the fitted parameter are Q0 = 14.3C, ϕ0 = 1741V.s, and
n = 1/3. The quality of the fitting can be observed in Fig.
3. Notice that the experimental charge and flux shown in the
figure correspond to the numerical integration of all the cycles
in Fig. 2.

Once the model has its parameters defined, we can obtain
other electrical magnitudes directly by derivation. The ob-
tained IV characteristics from the model are shown in Fig.
4, providing a very close fit. The evolution of the current
versus time as obtained from the model is depicted in Fig.
5 and, finally, the evolution of the conductance versus time is
illustrated in Fig. 6.

It has to be noted that there is a ripple in this last figure,
which may be attributed to the presence of a parasitic capac-
itor, that has not been considered in the model.

VI. CONCLUSION

As has been shown in the paper, the considered ReRAM
devices can be modelled as ideal memristors using the formal
framework proposed by Corinto et al [12]. In this work, we
have shown that a very simple model relating charge and flux
with a nonlinear relation provides a very good fitting of the

Fig. 4. Experimental (blue) and modelled (red) IV characteristics.

Fig. 5. Experimental (blue) and modelled (red) current vs time.

Fig. 6. Experimental (blue) and modelled (red) conductance.



experimental results. Thus, since no other variables need to be
considered, the device can be used as an ideal memristor.

Further work related to this should be performed to check
this conclusion. Specifically, the effect of the input signal
velocity has to be tested, as well as the variability in the cycle
to cycle switching characteristics.
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